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  . .This is a continuation of our note J. Algebra 186 1996 , 120]131 . We
generalize and present simplified proofs almost all elementary lemmas from
Section 8 of the Odd Order Paper. In many places we use Hall's enumeration
principle and other simple combinatorial arguments. A number of related results
are proved as well. Some open questions are posed. Q 1998 Academic Press
Let G be a finite p-group, where p is a prime. Let Q be a group-theo-
retic property and T the set of all Q-subgroups in G. Suppose that
< <p ¦ T . Let G act on T by conjugation. Then one of the G-orbits on T
contains one element, say H. Thus H 1 G. Moreover, if G is a normaly
subgroup of some larger p-group W, then T admits the action of W by
conjugation and, as previously, T contains a one-element W-orbit. We see
that, in many cases, counting theorems are more fundamental than the
respective theorems on the existence of normal subgroups. In this note we
use this approach extensively as we know, Sylow was the first who used
.this argument in analogous situations .
We will show how this argument works in another situation. Suppose
that a p-group G contains a subgroup H of maximal class and index p,
< < pq1  .   2 ..G ) p . We claim that Aut G is a p-group, where p s p p p y 1
  . .   ..p n is the set of all prime divisors of n g N . Note that p Aut G : p
for every p-group generated by two elements. Therefore, the result is true
if G is of maximal class, so suppose that G is not of maximal class.
w xAssume that a is an automorphism of G of prime order q f p . By 6 and
w x < <18 , the number of subgroups of maximal class and order H in G is
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divisible by p2. Since a p-group of maximal class is generated by two
elements, the minimal number of generators of G is 3, and so the number
of maximal subgroups in G is 1 q p q p2 - 2 p2. Therefore G contains
exactly p2 subgroups of maximal class and index p. Since q / p, one of
 .these subgroups, say H, is a-invariant. Since Aut H is a p-group, a
 :  4 centralizes H. Then a stabilizes the chain G ) H ) 1 since q ¦ p y
. w x  .1 . By 21 , Lemma 8.1 or Lemma 14, o a is a power of p}contradiction.
< < 5Similarly, if G is a 2-group of order at least 2 , H a subgroup of maximal
 .  < < 5class and index 2 in G, then Aut G is a 2-group the condition G G 2 is
.essential . To prove this, we have to use the fact that a group of automor-
phisms of a 2-group of maximal class and order at least 24 is a 2-group.
w xWe retain, as a rule, the notation and definitions from 21 .
If A is a maximal normal abelian subgroup of a p-group G, then
 .  .C A s A i.e., A is a maximal abelian subgroup of G . This ``self-G
centralizer'' property allows us to restrict the structure of G if all its
maximal abelian normal subgroups are small in some sense. Some more
w xgeneral results in this direction were proved and used in 21 and in the
subsequent Thompson's paper on simple groups all of whose local sub-
groups are solvable. For example, if p ) 2 and A is a maximal normal
  ..  w xelementary abelian subgroup of G, then V C A s A see 21 , Lemma1 G
w x . w x8.3 and 24 , Lemma 10.15 . Alperin 1 generalized that result in the
following way: Let A be a maximal normal abelian subgroup of a p-group
 . n n   .. G such that exp A F p , where p ) 2; then V C A s A. Forn G
w xanother proof of Alperin's Theorem, due to N. Blackburn, see 28 ,
. Theorem 3.12.1 We will prove the following stronger result which we
.consider as the main theorem of this note :
THEOREM 1. Let A - B F G, where A, B are abelian subgroups of a
 . n np-group G, exp B F p and p ) 2. Let A be the set of all abelian
< <  . nsubgroups T of G such that A - T , T : A s p and exp T F p . Then
< <  .A ' 1 mod p .
Let us show that Theorem 1 implies Alperin's Theorem. Let A be a
maximal normal abelian subgroup of G of exponent at most pn, where
n  .  . n  :p ) 2. Let x g C A y A such that o x F p . Then A - B s A, xG
and B is abelian of exponent at most pn. In the notation of Theorem 1,
< <  .A ' 1 mod p . Then there exists T g A such that T 1 G, contradictingy
the choice of A. In what follows, we will deduce from Theorem 1
 .essentially stronger result Corollary 2 .
Proof of Theorem 1. We use induction on G.
 .If T g A , then T F C A . Therefore, without loss of generality, weG
 .  .  4may assume that G s C A , i.e., A F Z G . If A s 1 , then A consistsG
< <  .of all subgroups of G of order p, and so A ' 1 mod p by Sylow's
 4 < <Theorem. Therefore, in what follows, we assume that A ) 1 . If G: A s
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 4 < <p, then A s G , A s 1 and all is done. Therefore, we may assume that
< <G: A ) p.
X  < 4 < < < X <  .Let A s T g A T 1 G . Since A ' A mod p , it suffices to prove
< X <  . X < <that A ' 1 mod p . To prove that A / B we use induction on G . Let
A - B F M - G, where M is maximal in G. Then the number of elements
 .of A that contained in M is congruent to 1 mod p , and our claim
 X: Xfollows. Set D s T N T g A . By the definition of A , DrA is an
 .elementary abelian subgroup of Z GrA . Therefore, the nilpotency class
 . nof D is at most two. We claim that exp D F p . By construction, D is
generated by elements of orders at most pn. Therefore, if x g D, then
 . n x s a ??? a , where o a F p for all i. Since D is of class at most 2 it is1 s i
n .essential that p ) 2 , we have
x p
n s a p n ??? a p n ? c p ??? c p , 1 .1 s 1 t
X   .where c , . . . , c are elements of D the equality 1 is known for s s 2;1 t
.  X.   ..for s ) 2 it is proved by induction on s . Since exp D F exp DrZ D s
  ..  . p np recall that A F Z D , formula 1 is reduced to x s 1. Therefore,
 . n Xexp D F p , as claimed. All elements of A are contained in D. If HrA
is a subgroup of order p in DrA, then H is abelian, H 1 G and
 .  . n Xexp H F exp D F p , i.e., H g A . Therefore, we may assume, without
loss of generality, that G s D. In particular, GrA is elementary abelian.
< < k < X <Let GrA s p . By the previous text, A is the number of subgroups of
k < X <order p in the elementary abelian group GrA of order p , i.e., A s 1 q
ky1  .p q ??? qp ' 1 mod p , proving the theorem.
w x  w x .Kulakoff's Theorem 32 and its analog for p s 2 see 4 , Section 5
< <  2 .  .show that A ' 1 q p mod p unless C A rA is cyclic or a 2-group ofG
maximal class.
The subgroup A of Theorem 1 is not necessarily of exponent pn.
n Theorem 1 is not true for p s 2 let G be a dihedral group of order 8,
 . < < .A s Z G ; then A s 2 .
COROLLARY 2. Let N be a normal subgroup of a p-group G, let A be a
 . n nmaximal G-in¨ariant abelian subgroup of N such that exp A F p , p ) 2.
  ..Then V C A s A.n N
 . nProof. Assume that x g C A y A is of order at most p . SetN
< < < nA s T F N A - T , T : A s p , T is abelian, exp T F p . 4 .N
 : nSince A, x is abelian of exponent at most p , the set A is nonempty.N
< <  .By Theorem 1, A ' 1 mod p . Therefore, there exists T g A suchN N
that T 1 G, contrary to the choice of A.y
w x w xThis generalizes 21 , Lemma 8.3 and the main result in 1 .
The following three results are known.
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LEMMA 3. The number of abelian subgroups of index p in a nonabelian
p-group G is one of the numbers 0, 1, p q 1.
w xLEMMA 4 2 . Suppose that a p-group G contains an abelian subgroup A
of index p2. Then G contains a normal abelian subgroup of index p2.
Proof. Let A - M - G, where M is a maximal subgroup of G; then
< <M: A s p. Since the number of abelian subgroups of index p in M is
 .  .congruent to 1 mod p Lemma 3 and M 1 G, the result follows.
w x  .Moreover, by 29 , Theorem iii , the number in Lemma 4 is 2 or ' 1
 .mod p .
w xLEMMA 5 4 , Section 5. Let G be a noncyclic p-group. Suppose that G is
not a 2-group of maximal class. If n g N and n ) 1, then the number of
cyclic subgroups of order pn is G is di¨ isible by p.
For p ) 2 this result is due to G. A. Miller.
X w x w x w xCOROLLARY 5 4 ; see also 25 , Chapter 5, Exercise 9 and 24 , Lemma
.10.11 . Let N be a noncyclic normal subgroup of a p-group G. If N has no
G-in¨ariant noncyclic subgroups of order p2, then N is a 2-group of maximal
class.
X  w xCorollary 5 is a generalization of Roquette's Lemma see 28 , Satz
.3.7.6 .
COROLLARY 5Y. Let p ) 2, N a normal subgroup of a p-group G, A a
G-in¨ariant elementary abelian subgroup of order p2 in N. If N contains an
elementary abelian subgroup B of order p3, then N contains a G-in¨ariant
elementary abelian subgroup B such that A - B .1 1
2 <  . <  .Proof. It follows from p ¦ Aut A that C A g A. Let DrA be aB
 .subgroup of order p in AC A rA. Obviously, D is elementary abelian ofB
order p3, and the result follows from Theorem 1.
Y w x w xCorollary 5 implies 21 , Lemma 8.9 and the main result in 27 .
Y w x  .Remark 1. Obviously, Corollary 5 implies 21 , Lemma 8.4 i . To prove
w x  .21 , Lemma 8.4 ii , we use some properties of minimal nonnilpotent
 .groups see Lemma 10 . Let G be a p-group of odd order that has no
3  .anormal elementary abelian subgroups of order p and a g Aut G . If
 . < 2  :o a s q is a prime, q / p, then we claim that q p y 1. Let W s a ? G
be a natural semidirect product. Take in W a minimal nonnilpotent
 : Ysubgroup S s a ? P, where P s S l G. By Corollary 5 , P has no
elementary abelian subgroups of order p3. Since P is elementary abelian
 .or special of exponent p see Lemma 10 , it follows that P has two
 .generators, and our claim follows see the second paragraph of this note .
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 w x .Remark 2. Let us prove the following result see 21 , Lemma 8.5 :
 .Suppose that P g Syl G , where p ) 2 is the smallest prime divisor ofp
< < 3G ; if P has no elementary abelian subgroups of order p , then G is
p-nilpotent. Suppose that G is a counterexample. Then G contains a
non p-nilpotent minimal nonnilpotent group S by Frobenius' Normal
.  .  .p-Complement Theorem . We may assume that P l S g Syl S . If p Sp
 4 2s p, q , then q ) p q 1, and so q ¦ p y 1, contradicting Remark 1.
THEOREM 6. Suppose that a p-group G, p ) 2, contains an elementary
abelian subgroup of order p3. Then the number of such subgroups in G is
 .congruent to 1 mod p .
 .Proof. For H F G, let e H denote the number of elementary abelian3
3  .subgroups of order p contained in H. We have to prove that e G ' 13
 .mod p . Let M denote the set of all maximal subgroups of G. It is known
< <  . w xthat M ' 1 mod p . By Hall's enumeration principle 26 ,
e G ' e H mod p . 2 .  .  .  .3 3
HgM
Suppose that the theorem has proved for all proper subgroups of G.
 .  .Take H g M. By the induction hypothesis, e H s 0 or e H ' 13 3
 .  .  .  .  . < <mod p . If e H ' 1 mod p for all H g M , then by 2 , e G ' M ' 13 3
 .mod p , proving the theorem. Therefore, we may assume that some
maximal subgroup of G, say H, has no elementary abelian subgroups of
order p3.
Suppose that H contains a subgroup L of order p4 and exponent p. Let
 .A be a maximal normal abelian subgroup of L. Since A - L and C A sL
< < 3A, it follows that A s p , contrary to what was proved in the previous
paragraph.
By assumption, G contains an elementary abelian subgroup E of order0
3  .p . Let E F F g M. By the induction hypothesis, e F ' 1 mod p, and so0 3
G contains an elementary abelian subgroup E of order p3.
X  .Let e G be the number of normal elementary abelian subgroups of3
3  . X  .  .order p in G. Since e G ' e G mod p , it suffices to prove that3 3
X  .  .e G ' 1 mod p . Therefore, we may assume that G contains a normal3
elementary abelian subgroup E of order p3, E / E. Set D s EE . By1 1 1
Fitting's Lemma, the nilpotency class of D is at most two. Therefore see
.  .the proof of Theorem 1 , exp D s p. Considering D l H and taking into
account that H has no subgroups of order p4 and exponent p, we
< < 4  .  .conclude that D s p . By Lemma 3, e D ' 1 mod p . Hence the3
number of G-invariant elementary abelian subgroups of order p3 in D is
 .congruent to 1 mod p ; therefore, we may assume that G contains a
normal elementary abelian subgroup E of order p3 such that E g D2 2
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 .  < < 4otherwise, all is done . Suppose that E l E - E since D s p it1 2
< < 2 .  .follows that E l E s p . Then E l E F Z EE E and EE E rE l1 1 1 2 1 2
E is elementary abelian of order p3. In that case, EE E is of order p51 1 2
 . and its class is at most two, and so exp EE E s p see the proof of1 2
. 4Theorem 1 . Then H l EE E is a subgroup of order p and exponent p1 2
in H, contrary to what we have previously proved. Therefore, E l E g E .1 2
< < < < 4  < < 4.Since EE s E E s p see the proof of the equality D s p , it2 1 2
< < 2 < <follows that E l E s p s E l E . Since E l E , E l E are differ-2 1 2 2 1 2
 .ent maximal subgroups of E since E l E g E , we conclude that2 1 2
 . .E s E l E E l E - EE s D, contrary to the choice of E . This2 2 1 2 1 2
completes the proof of the theorem.
w x Theorem 6 was announced in 9 . This theorem is not true for p s 2 let
G be the direct product of the dihedral group of order 8 and the cyclic
. w xgroup of order 2 . For another proof of this theorem, see 31 , Theorem
2.2.
QUESTION 1. Classify the p-groups G, p ) 2, containing an abelian
3 <  . < 3self-centralizer A of order p . Ob¨iously N A : A F p if A is noncyclic,G
<  . < 2 <  . <and N A : A F p if A is cyclic. The case N A : A s p is of someG G
interest.
 .Let E G be the set of normal elementary abelian subgroups of orderk
pk, k g N, in G.
THEOREM 7. Suppose that a p-group G, p ) 2, contains an elementary
abelian subgroup E of order p4. Then the number of elementary abelian
4  .subgroups of order p in G is congruent to 1 mod p . In particular,
<  . <  .  .E G ' 1 mod p ob¨iously these two assertions are equi¨ alent.4
Proof. Suppose that G is a counterexample of minimal order. Then
< < 5G ) p by Lemma 3. By Theorem 6, G contains a normal elementary
abelian subgroup A of order p3.
A. Suppose that G has no normal elementary abelian subgroup B of
order p4 such that A - B. It follows from Theorem 1 that
 .i A is a maximal elementary abelian subgroup of G.
Therefore,
 .  .ii if K be a subgroup of G of exponent p, then C A F A.K
 .  ..Note that a Sylow p-subgroup of Aut A ( GL 3, p is nonabelian of
order p3 and exponent p. Therefore, the following two assertions are true:
 . 4iii If K is an elementary abelian subgroup of G of order p , then
< < 2A l K s p . In particular, G has no elementary abelian subgroups of
order p5.
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 . 7iv G has no subgroup of order p and exponent p. If K is a
subgroup of G of order p6 and exponent p then A - K.
Let E - M - G, where M is a maximal subgroup of G. By the induc-
<  . <  .tion hypothesis, E M ' 1 mod p , so that M contains a G-invariant4
elementary abelian subgroup of order p4. Without loss of generality, we
may assume that E 1 G. If E is the only normal elementary abelian
4 <  . <subgroup of G of order p , then E G s 1, contrary to the assumption.4
Therefore, G contains a normal elementary abelian subgroup E of order1
p4 different of E. Set K s EE . Since K is of class at most two and p ) 2,1
< < 6  .it is of exponent p. Suppose that K s p . Then A - K by iv . Since
 .  .  .C A s A by ii , it follows that E l E F Z K - A. Since KrE l EK 1 1
is abelian, it follows that KrA is abelian of order p3. By the remark before
 .  .  .  .iii on GL 3, p it follows that C A ) A, contradicting ii . Thus,K
< < 5K s p . Hence,
 .v If B, B are two different normal elementary abelian subgroups1
4 < < 5 < < 3of G of order p , then BB s p , i.e., B l B s p . Moreover, B l B1 1 1
 .  .s Z BB since BB is nonabelian by the second part of iii .1 1
Thus, K s EE is nonabelian of order p5 and exponent p, E l E s1 1
 . 3  .  .Z K is of order p . Therefore, by ii , A / Z K , and so
 .vi A g K.
 .Suppose that K contains all elements of the set E G . By Lemma 34
 < < 5. <  . <  . <  . < <  . <since K s p , E K ' 1 mod 1 . Therefore, E G ' E K 14 4 4
 .  .mod p , contrary to the assumption. Thus, there exists E g E G such2 4
 . < < 3 < < < <that E g K. By v , E l E s p s E l E s E l E . Assume that2 2 1 2 1
 . .E l E / E l E . Then E s E l E E l E F EE s K, contrary2 2 1 2 2 2 1 1
 .to the choice of E . Hence E l E s E l E . Then C E l E G EE2 2 2 1 G 2 1
 .s K, and so E l K s E l E s Z K . Set L s KE s EE E . Then2 1 2 1 2
 . < < 6  .  .  .E l K F Z L and L s p . Since LrZ K s ErZ K = E rZ K =2 1
 . 3E rZ K is elementary abelian of order p , the nilpotency class of L is2
two and since L s EE E is generated by elements of order p, it follows1 2
 .  .  .  <  . < 3that exp L s p. By iv , A - L. Then C A ) A since Z L s p sL
< <.  .A , contrary to ii .
B. Every normal elementary abelian subgroup of G of order p3 is
contained in some elementary abelian subgroup of G of order p4. Then
 .  .every A g E G is contained in some B g E G by Theorem 1. Since3 4
 .the number of conjugates in G of every nonnormal subgroup is a
<  .  .multiple of p, it suffices to prove that E G ' 1 mod p . Set4
 4  4E G s A , . . . , A , and E G s B , . . . , B . .  .3 1 r 4 1 s
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 .We have to prove that s ' 1 mod p . Suppose that A is contained in ai i
 .  .elements of the set E G , and B contains b elements of the set E G .4 j j 3
 4   .  .Then the number of pairs A , B A g E G , B g E G , i s 1, . . . , r,i j j 3 j 4
.j s 1, . . . , s is
a q ??? qa s b q ??? qb . 3 .1 r 1 s
 4 .  .  .We have b ' p y 1 r p y 1 ' 1 mod p for j s 1, . . . , s. By Theo-j
 .  .rem 1, a ' 1 mod p for i s 1, . . . , r. Therefore, reading 3 by modulo p,i
 .  .we obtain r ' s mod p . Since r ' 1 mod p by Theorem 6, it follows
 .that s ' 1 mod p , completing the proof.
Using the method of the proof of Theorem 7, we can give another,
shorter, proof of Theorem 6.
w xTheorem 7 was announced in 5 , Theorem 11. For another proof, see
w x31 , Theorem 2.2. In the same paper Konvisser and Jonah proved that if
<  . <  .  . p ) 2, then E G ' 1 mod p unless E G s B but there exists G5 5
 . w x.such that E G s 2 29 .6
COROLLARY 8. Let N be a normal subgroup of a p-group G, p ) 2.
Suppose that N has no G-in¨ariant elementary abelian subgroups of order p3.
3 Then N has no elementary abelian subgroups of order p and hence, the
w x.structure of N is completely determined in 17 .
This follows from Theorem 6. If N s G in Corollary 8, we obtain
w x w x w xHobby's Theorem 27 . See also 31 and 24 , Proposition 10.17.
COROLLARY 9. Let N be a normal subgroup of a p-group G, p ) 2. If N
contains an elementary subgroup of order p4, then N contains a G-in¨ariant
elementary abelian subgroup of order p4.
This follows from Theorem 7. If N s G in Corollary 9, we obtain
w x w xHobby's result. See also 31 and 24 , Proposition 10.17.
 w x w x w xLEMMA 10. O. J. Schmidt 34 , J. A. Gol'fand 23 ; see also 28 , Satz
.  43.5.2 . Let S be a minimal nonnilpotent group. Then S is a p, q -group, p, q
 .  .are different primes. Let P g Syl S , Q g Syl S . One of Sylow subgroupsp q
of S, say Q, is normal in S. The subgroup Q s SX is elementary abelian or
<  . <  .special, P is cyclic and P: P l Z S s p. If q ) 2, then exp Q s q. p is a
 <  . <:Zsigmondy prime for the pair q, log QrZ G l Q . If Q is nonabelian,q
<  . <then log QrZ Q is e¨en.q
w x .THEOREM 11 21 , Lemma 8.8 . Suppose that Q is a q-group, q ) 2, a
 .an automorphism of Q of prime order p. If p ' 1 mod q , and Q contains a
maximal subgroup Q such that Q has no normal elementary abelian0 0
subgroups of order q3, then p s 1 q q q q2 and Q is elementary abelian of
order q3.
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Proof. By Corollary 8, Q has no elementary abelian subgroups of0
order q3. Therefore, every subgroup of exponent q in Q is generated by0
two elements and its order is at most q3. In particular, Q has no
elementary abelian subgroups of order q4.
 :Let W s a ? G be a natural semidirect product. By assumption,
2 < < 2p ) q q 1 so that p ¦ q y 1 and Q ) q . Let S be a minimal nonnilpo-
tent subgroup of W. Without loss of generality, we may assume that
 :  . < < 3 2a s P g Syl S . Suppose that Q s q . Since p ¦ q y 1, it followsp
 2 . < 3that Q is elementary abelian. Since p, q y 1 s 1, it follows that p q y 1
 <  . <  . 2 . 3 .. 2in fact, p ¬ Aut Q s q y 1 q y 1 q y 1 . Then p s q q q q 1 by
w x < < 3  .21 , Lemma 5.1. Now let Q ) q . Obviously, S l Q g Syl S . By Lemmaq
 . < < 310, exp S l Q s q. Since S l Q F q by the result of the first para-0
< < 4graph of the proof, it follows that S l Q F q .
< < 4 Assume that S l Q s q . Then S l Q is nonabelian since it is of0
3 .  .  4order q and exponent q . In particular, F S l Q ) 1 . Since P central-
 . izes F S l Q , the minimal number of generators of S l Q is 3 recall
2 . that p ¦ q y 1 . But this contradicts Lemma 10 indeed, since S l Q is
.nonabelian, the minimal number of generators of S l Q is even .
< < 3Assume that S l Q s p . Then S l Q is elementary abelian by Re-
mark 1. In that case a is a fixed-point-free automorphism of S l Q. As
2   ..  .previously, p s q q q q 1. Let Z s V Z Q . Since S l Q Z is ele-1 1 1
mentary abelian and Q has no elementary abelian subgroups of order q4,
 :it follows that Z s S l Q, and so a , Z is a Frobenius group with1 1
 . kernel Z . Since Z l F Q is a-invariant, Z g Q Q has no elemen-1 1 1 0 0
3.  .  :tary abelian subgroups of order q and F Q is a -invariant, it follows
 .  4  .  .  4  .  4that Z l F Q s 1 . Therefore, Z Q l F Q s 1 so that F Q s 1 .1
 3.In the case considered, Q s Z an elementary abelian group of order q .1
This completes the proof.
 w x .THEOREM 12 compare with 4 , Theorem 5.4 . Let G be a p-group of
order pm, p ) 2, n g N, n G 4. Then the number of metacyclic subgroups of
order pn in G is di¨ isible by p, unless G is metacyclic or a 3-group of maximal
class.
< <Proof. We use induction on G . Assume that G is not metacyclic
otherwise the result follows by Sylow's Theorem, since all subgroups of G
.  .are metacyclic . In that case, n - m. Let M G denote the set of all
metacyclic subgroups of order pn in G.
 .i Let G be a 3-group of maximal class. Then it contains only one
w x metacyclic subgroup of index 3 20 it is essential that n ) 3; a Sylow
3-subgroup of the symmetric group S is a group of maximal class contain-9
.ing exactly two metacyclic subgroups of index 3 . We claim that in that
<  . <  .case M G ' 1 mod p . By what we have just said, our claim is true for
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n s m y 1. Let n - m y 1. Let M denote the set of all maximal sub-
 < < .groups of G obviously, M s 4 . Let H g M. If H is of maximal class,
<  . <  .then by the induction hypothesis, M H ' 1 mod 3 . If H is metacyclic,
<  . <  .then M H ' 1 mod 3 by Sylow's Theorem. Any subgroup of index 3 in
 .G is metacyclic or of maximal class since m G 5 . Hence, by Hall's
w x <  . < <  . < < <enumeration principle 26 , M G '  M H ' M s 4 ' 1H g M
 .mod 3 . In what follows, G is not a 3-group of maximal class.
 .ii Let n s m y 1. Without loss of generality, we may assume that
  . .  .H g M is metacyclic otherwise, M G s 0 . By what we have proved, i
w x 3and 17 , G contains a normal subgroup R of order p and exponent p. In
view of the existence of H, G has no subgroups of order p4 and exponent
p and G is generated by three elements since H is generated by two
. elements . If R - F g M , then F is not a 3-group of maximal class by
w x pq220 , a p-group of maximal class and order at least p has no normal
p .subgroups of order p and exponent p; note that n G 3 q 2 and is not
metacyclic. Let E be the set of all normal subgroups of G of order p3 and
w x w x  . < <  .exponent p. By 6 or 17 and i , E ' 1 mod p . Let M be the set of1
all maximal subgroups L of G such that L contains an element of the set
w xE. By 6 , the number of elements of the set E in any element of M is1
 .' 1 mod p . Therefore, arguing, as in the end of the proof of Theorem 7,
< <  . w xwe obtain M ' 0 mod p . Let T g M y M . Then by 6 , T is metacyclic1 1
or a 3-group of maximal class. The number of subgroups of maximal class
2 w x w x < <  .and index p in G is divisible by p by 6 or 17 . Since M ' 1 mod p , it1
< <  .follows that M y M ' 1 mod p . The number of subgroups of maximal1
2 w x w xclass and index p in G is divisible by p by 6 or 17 . Therefore,
<  . <  .M G ' 0 mod p .
 .  .  .iii n - m y 1. Applying Hall's enumeration principle, i and ii ,
we complete the proof.
 w xNote, that Theorem 12 is true for n s 3 see 6, 9, 15 . It is interesting to
<  . < .study M G mod 2 for 2-groups G.
 4LEMMA 13. Let G s G ) G ) ??? ) G s 1 be a chain of normal0 1 n
subgroups of a group G. Set
a
A s a g Aut G ¬ xG s xG for all x g G y G , i s 1, . . . , n , .  . 4i i iy1 i
 .i.e., A stabilizes that chain . Let p be a prime number such that p ¦
<  . < < <Z G rG for i s 2, . . . , n. Then p ¦ A .iy1 i
Proof. We use induction on n. We may assume that n ) 1 otherwise
.  .the lemma is true . Obviously, A is a subgroup of Aut G . Suppose that A
 :contains an element a of order p. Let W s a ? G be the natural direct
 :product. By the induction hypothesis, a ? G 1 W. By assumption, any1
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 :  :  :centralizes G so that a ? G s a = G . Assume that a isny1 ny1 ny1
 :  .not characteristic in H s a = G . Then there exists f g Aut Hny1
 :.  :  :  :  :such that f a s b / a . Obviously, b 1 H and a , b is a
 . 2  :subgroup of Z H of order p . Then a , b l G is a subgroup ofny1
 .  :Z G of order p, contradicting the assumption. Thus, a is character-ny1
 :  :istic in a = G . Then a 1 W, so that a centralizes G. In that case,ny1
a s id, which is a contradiction.
w x .LEMMA 14 21 , Lemma 8.1 . If G is a p-group, then the stability group
 4A of a chain G s G ) G ) ??? ) G s 1 is a p-group.0 1 n
Proof. We use induction on n. Suppose that A contains an element a
of order p for some p g p X. By the induction hypothesis, a centralizes G .1
Let x g G; then x a s xy with y g G . Then x s x a p s xy p. It follows that1
y s 1 so that a s 1}contradiction.
LEMMA 15. Let G be a p-group and suppose that D is a subgroup
generated by all elements of G of orders 4, p for all p g p . Let a be a
p X-automorphism of G. If a centralizes D, then a s id.
Proof. Suppose that the lemma is false. Without loss of generality, we
 . X  :may assume that o a s q g p . Let W s a ? G. For every p g p
 . athere exists P g Syl G such that P s P. Since a / id, we may assumep
that a induces a nonidentity automorphism of P. Let H be a minimal
 :  .nonnilpotent subgroup in G s a ? P F W . Without loss of generality,1
 .we may assume that a g H. Obviously, H l P g Syl H . By Lemma 10,p
H l P F D. This means that a centralizes H l P so H is nilpotent}
contradiction.
LEMMA 16. Let U be an abelian subgroup of a p-group G, let a be a
X  .p -automorphism of G. If a centralizes C U , then a s id.G
w xThis is exactly what was proved in 21 , Lemma 8.12.
 w x .COROLLARY 17 compare with 21 , Lemma 8.12 . Let U be an abelian
subgroup of a p-group G. Let e s 1 if p ) 2 and e s 2 if p s 2. Let a be a
X   ..p -automorphism of G that centralizes V C U . Then a s id.e G
 .  .Proof. Obviously C U is a-invariant. a centralizes C U by LemmaG G
15. Now the result follows from Lemma 16.
w x w x .COROLLARY 18 19 ; see also 22 , Lemma 2.3 . Let p, G, and e be
such as in Corollary 17. Let U be a maximal abelian subgroup of G of
exponent pn, where n G e . If a pX-automorphism a of G centralizes U, then
a s id.
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 . n  :Proof. Let x be an element of C U of order at most p . Since U, xG
is abelian of exponent at most pn, it follows that x g U by the maximal
  ..choice of U. Thus, V C U s U, and the result follows from Corollarye G
17.
 .If in Corollary 18, U is a-invariant and a centralizes V U , thene
 .a s id by Lemma 15 and Corollary 18 .
 .PROPOSITION 19. Let B be a subgroup of a p-group G such that C B FG
B.
 . 3a If B is nonabelian of order p , then G is of maximal class.
 .  . < < 2b M. Suzuki If B s p , then G is of maximal class.
< < 4Proof. We may assume that G G p and the proposition has proved
< <for groups of order - G .
 .  .a It is known that a Sylow p-subgroup of Aut B is nonabelian of
3  .  .  .  .  .order p . Now, C B s Z B s Z G . Therefore, N B rZ G is non-G G
3  <  . < 4.   .abelian of order p in particular, N B s p . Then C N B rG G r ZG. G
 ..  .  .  <  . < 4.Z G - N B rZ G otherwise N B ) p . By the induction hypoth-G G
 . <  . <  .esis, we see that GrZ G is of maximal class. Since Z G s p, a is
proved.
 . 2 <  . <  .b Since p ¦ Aut B , it follows that N B is nonabelian of orderG
3   ..  .  .  .p . Since C N B F C B s B - N B , the result follows from a .G G G G
Remark 3. We claim that a p-group G is of maximal class if it contains
 .a subgroup H such that N s N H is of maximal class. We may assumeG
< < 3   .. < <that N - G and N ) p by Proposition 19 a . We use induction on G .
 .  . <  . <Then Z G s Z N so that Z G s p. Since N - G, H is not character-
< <  .  .  .istic in N. Therefore N: H s p. In particular, Z G s Z N F F N -
  ..  .H. Then, N HrZ G s NrZ G is of maximal class, and so, by theG r ZG.
 . <  . <induction hypothesis, GrZ G is of maximal class. Since Z G s p, the
claim follows.
QUESTION 2. Study the p-groups G containing a subgroup M of maximal
 .  < < 3class such that C M - M. If M ) p , then G is not necessarily ofG
.maximal class. The case p s 2 is of special interest.
 w x .PROPOSITION 20 compare with 24 , Lemma 10.27 . Let A be a sub-
 . < < 2group of a p-group G such that C A is metacyclic. If A F p , then G hasG
no normal subgroups of order p pq1 and exponent p.
 .Proof. We may assume that A g Z G . Suppose that D is a normal
< < < < 2subgroup of G of exponent p. We may assume that D ) p and AD ) p ;
 .  4  .  .then C A ) 1 . It follows from H s AC A F C A that H isD D G
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2   . .  .metacyclic, and so it is of order p since exp H s p . We have C HA D
 . w xs H. Therefore, AD is of maximal class by Proposition 19 b . By 20 , AD
pq1 < < pq1has no subgroups of order p and exponent p, so that D - p .
QUESTION 3. Study the groups G of Proposition 20 in the case when
< <A s p, in detail.
PROPOSITION 20X. Let G be a metacyclic p-group, containing a nonabelian
subgroup B of order p3. Then
 .a If p s 2, then G is of maximal class.
 . < < 3b If p ) 2, then G s p .
< <Proof. Let the proposition has proved for all groups of order - G .
< < 3We may assume that G ) p .
Let B F M - G, where M is maximal in G.
 .a By the induction hypothesis, M is of maximal class. Since G has
exactly three maximal subgroups, the number of subgroups of maximal
class and index 2 in G is not divisible by 4. Therefore G is of maximal class
w xby 4 , Section 5.
 . < < 3 < < 4b By the induction hypothesis, M s p , and so G s p . Obvi-
X  2 . X Xously, GrG is abelian of type p , p . Let C rG , . . . , C rG be all cyclic1 p
subgroups in GrGX of order p2. Then C , . . . , C are distinct abelian1 p
subgroups of G of index p. By Lemma 3, all maximal subgroups of G are
abelian, contradicting the existence of B.
PROPOSITION 20Y. Let B be a nonabelian subgroup of order p3 in a
 :p-group G, p ) 2. Suppose that G has no element x such that B, x s B =
 :x . Then:
 .  .a C B is cyclic.G
 . pq1b G has no B-in¨ariant subgroups of order p and exponent p.
 .Proof. a Obvious.
 . pq1b Assume that H is a B-invariant subgroup of order p and
exponent p in G. Without loss of generality, we may assume that G s BH.
w x  .By 20 , G is not of maximal class. Therefore, C B g B by PropositionG
 . <  . <  . <  .19 a . In particular, C B ) p and B g H, i.e., G / H. By a , C B lG G
<  .  .H s p. It follows that C B l H s B l H F Z H . Let C be a cyclicG
2  .subgroup of order p in C B . Then K s BC l H is a normal noncyclicG
2 < < 4  .  .subgroup of order p in BC, BC s p . Since BCrZ B s BrZ B =
 .  .KrZ B is abelian and p ) 2, it follows that exp BC s p, which is a
2 .contradiction since C is cyclic of order p .
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 .  .It is essential, in the proof of b , that V BC s B.1
 .Remark 4. Let H be a normal subgroup of G and H F F G . Suppose
that, whenever N 1 H and H X g N, then N 1 G. We claim that H is
abelian. Suppose that G is a counterexample of minimal order. Let S be a
normal subgroup of H such that HrS is nonabelian but every proper
epimorphic image of HrS is abelian. By assumption, S 1 G. By the
 4 < X <induction hypothesis, S s 1 . In particular H s p. Let K be a G-in-
2  .  .variant subgroup of order p in H. Then H F F G - C K , sinceG
<  . <  .G:C K F p. In particular, K F Z H , and so H is not of maximal class.G
X  .By Corollary 5 we may assume that K is noncyclic. Then Z H contains a
subgroup L of order p such that L / H X. Obviously, L 1 G. Then HrL is
nonabelian, contrary to the choice of S.
Remark 5. Suppose that a p-group G contains an elementary abelian
subgroup of order p3. Let E denote the subgroup generated by all
3  .elementary abelian subgroups of order p in G. Suppose that V G g E,1
i.e., G contains a subgroup L of order p such that L g E. If D is an
< < p L-invariant subgroup of exponent p in E then D F p by Proposition 19
w x < < p <  . < 2 .and 20 , if D ) p , then C L l D G p .L D
 w x .PROPOSITION 21 compare with 36 , p. 69, Lemma . Let G be a nilpo-
X < X < d <  . <tent group and let GrG be abelian of rank d. Suppose that G F GrZ G .
If an automorphism a of G lea¨es e¨ery element of GrGX fixed, then a is an
inner automorphism of G.
X  X:  X: X  .Proof. Let GrG s x G = ??? = x G . Since G F F G , it fol-1 d
 :lows that G s x , . . . , x . Let A be the set of all automorphisms of G1 d
X  .  .which leave every element of GrG fixed; then Inn G F A F Aut G
 X .since every coset of G is G-invariant . If a g A, then, for i s 1, . . . , d,
we obtain x a s x y where y g GX. Obviously, a is uniquely determinedi i i i
< X < d  4by elements y , . . . , y . There are G distinct d-sequences y , . . . , y of1 d 1 d
X < < < X < delements in G . Hence we have A F G . On the other hand, by what we
< X < d <  . < <  . < <have just proved and assumption, G F GrZ G s Inn G F A F
dX< <  .  .G . This proves that A s Inn G . In particular, a g Inn G .
X  .It is possible to replace G in Proposition 21 by a subgroup N such that
X  . < < d <  . <G F N F F G and N F GrZ G . Extraspecial p-groups and non-
< X <abelian p-groups G with two generators and G s p satisfy the assump-
tions of Proposition 21.
 w x  ..COROLLARY 22 compare with 36 , 4.17 . Let G F W, where W is a
group and G is a nilpotent subgroup such that GrGX is abelian of rank d and
< X < d <  . < w x X  .G F GrZ G . If G, W F G , then W s GC G .W
Proof. By assumption G 1 W. Let w g W. Conjugation by w inducesy w x Xan automorphism a in G. If g g G, then by assumption, w, g s y g G ,
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 y1 .a y1 y1 y1so that g s w g w s yg . Hence a leaves every element of
X  .GrG fixed. Therefore, by Proposition 21, a g Inn G . This means that
for each w g W, there exists u g G such that wy1 gw s uy1 gu for all
y1  .  .g g G. Thus, wu g C G , and so w g C G G for each w g W. ThisW W
 .means that W s C G G.W
A p-group G is said to be generalized regular if, whenever x p s y p
 .  y1 . p  4x, y g G , then x y s 1 . If G is a generalized regular p-group, then
  ..  w xexp V G s p. Regular p-groups are generalized regular see 28 , Kapi-1
.tel 3 .
 w x . XPROPOSITION 23 compare with 36 , p. 73, Lemma . Let a p -group Q
 .act on a generalized regular p-group G. If Q acts tri¨ ially on F G , then
w x  .G, Q F V G .1
p  .Proof. If x g G, then x g F G . Hence, for any y g Q, we have
p  p. y  y. p w x p  y1 y. p  4 x s x s x . Therefore, x, y s x x s 1 since G is gen-
. w x  .eralized regular , so that G, Q F V G .1
 .  .XLEMMA 24. Let G be a sol¨ able group of odd order, p g p G , O Gp
 4  . 3s 1 . If O G has no elementary abelian subgroups of order p , then ap
Sylow p-subgroup is normal in G.
 . Proof. Let B be a critical Thompson's subgroup of O G for itsp
w x .  .construction and properties, see 3 , Corollary 3 and set T s V B . Since1
 .B is of class at most two and p ) 2, exp T s p. Obviously, B 1 G. Sincey
  ..  . w x  .  .C O G F O G , it follows from 3 , Corollary 3 e that C B F B.G p p G
 .Therefore, by Lemma 15, C T is a normal p-subgroup of G. Since T hasG
3 < < 3no elementary abelian subgroups of order p , it follows that T F p
 . < < <  . <recall that T is of exponent p . If T s p, then GrC T ¬ p y 1, andG
 . < < 2therefore C T is a normal Sylow p-subgroup of G. Let T s p . ThenG
 .  .  .GrC T is isomorphic to a subgroup of odd order of Aut T ( GL 2, p .G
 . Since in that case a Sylow p-subgroup of GrC T is normal this followsG
 .. < < 3from the structure of GL 2, p , all is done. Let now T s p . By assump-
tion, T is nonabelian of exponent p. By Hall's Lemma on pX-automor-
 X. XXphisms of p-groups, C TrT is a normal p-subgroup of GrT . SinceG r T
 .  X.  .XGrT rC TrT is isomorphic to a subgroup of odd order in GL 2, p ,G r T
2< <the result follows as in the case T s p .
w x .PROPOSITION 25 21 , Lemma 8.13 . Let P be a Sylow p-subgroup of a
sol¨ able group G of odd order. Suppose that P has no elementary abelian
subgroups of order p3. Then GX centralizes all chief p-factors of G.
 .  4XProof. Without loss of generality we may assume that O G s 1 .p
 .  .Then P 1 G, where p g Syl G by Lemma 24 . If ArB is a chief factorpy
 .of G of order p, then GrC ArB is cyclic of order dividing p y 1, andGrB
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X  . 2so G BrB F C ArB . The chief p-factors of G are of orders p or pG r B
 w x. 2 Xsee 17 . Let KrL be a chief factor of G of order p . If K g G , it
follows that GX centralizes KrL. Hence we have to consider the case when
X  4K F G . Without loss of generality we may assume that L s 1 . Then
 .  . XK F P F F G , and so P centralizes K. Next, GrC K as a p -subgroupG
 .of odd order in GL 2, p , is abelian. Therefore, G9 centralizes K.
 4PROPOSITION 26. Suppose that 1 F A - B F G, where G is a p-group,
B elementary abelian of order pk, 2 F k F 4. Then the number of elementary
k  .abelian subgroups of G of order p that contain A is congruent to 1 mod p ,
unless p s 2 s k, G is maximal class.
Proof. Suppose that the proposition has proved for all p-groups of
< <order - G .
 4The result is true for A s 1 by Lemma 5, Theorems 6 and 7. Let
 4 <  . < 2A ) 1 . We may assume that B - G. If C A s p , then G is ofG
  .. < <maximal class by Proposition 19 b , A s p, and B is the unique elemen-
tary abelian subgroup of order p2 containing A. In that case, all is done. If
 . C A is a 2-group of maximal class then G is since, in that caseG
 ..G s C A . Therefore, without loss of generality, we may assume thatG
 .A F Z G . Let M be the set of all maximal subgroups of G containingA
< <  .  .A. By Sylow's Theorem, M ' 1 mod p . For A F H F G, let s HA k
denote the number of elementary abelian subgroups of H of order pk
w xcontaining A. By Hall's enumeration principle 26 ,
s G ' s H mod p . 4 .  .  .  .k k
HgMA
 .  .  .  .  .If s H ' 1 mod p for all H g M , then s G ' 1 mod p by 4 . Ifk A k
every elementary abelian subgroup of G of order pk contains A, the result
follows from Lemma 5, Theorems 6 and 7. Therefore, we may assume that
there exists in G an elementary abelian subgroup T of order pk such that
  ..A g T. Then the elementary abelian subgroup since A F Z G AT
< < kq1contains an elementary abelian subgroup F such that A - F, F s p ,
and L l F is elementary abelian of order at least pk for every maximal
  .  ..subgroup L of G and so s L ) 0 since A F Z L . As previously, wek
 .  .may assume that s H k 1 mod p for some H g M . Therefore, by thek A
< <induction hypothesis, p s 2, A s 2, and k s 2, H is cyclic, dihedral, or
 .  .semidihedral, A F Z H . Then A - F G . Suppose that G is not a
 .  . 2-group of maximal class. If H is cyclic, then s G s e G s 1 thisk 2
follows from the classification of 2-groups with cyclic subgroups of index
.  .2 . If H is dihedral or semidihedral, then s H is even. If F is a maximal2
subgroup of G that does not contain A, then G s A = F and M has noA
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 .subgroups of maximal class. Now the result follows from 4 by induction
since, in that case, the number of elements of maximal class in M isA
w x .divisible by 4; see 4 Section 5 .
w xBy 31 , Proposition 26 is true for k s 5 as well.
QUESTION 4. Consider the case p s 2 in all propositions of this note.
< <Conjecture. Let A - B - G, where G is a p-group, p ) 2, A s p, B
 n .is abelian of type p , p , n ) 1. Then the number of subgroups of G, that
 . are isomorphic to B and contain A, is congruent to 0 mod p with a
.small number of exceptions .
Let D be the dihedral group of order 8, C the group of order 2.8 2
Remark 6. The following assertion is an analog of Theorem 1 for
p s 2:
 . < <Let A - B F G, where G is a 2-group, exp B s 2, A G 4. If G has
no subgroups isomorphic to D = C , then the number of elementary8 2
< <abelian subgroups L - G such that A - L and L: A s 2 is odd.
We will prove that the preceding assertion is trivial. Indeed, let E be a
< <maximal elementary abelian subgroup of G, E ) 4. Suppose that an
 .involution u normalizes E but u f C E . Then E contains an involutionG
 : ¨ such that u¨ / ¨u. In that case, D s u, ¨ ( D indeed, the dihedral8
 : .  .group D is contained in the subgroup E, ¨ of exponent 4 . Set Z D s
 :  :  :  . <  . < c ; then D l E s c = ¨ . By Proposition 19 b , C u ) 2 sinceE
 :E, u is not of maximal class: it contains an elementary abelian subgroup
.  .of order 8 . Since D l E does not centralize D, there exists in C u anE
 :involution w / c. Obviously, w centralizes D s D l E, u . Therefore,
 :D, w ( D = C , contrary to the assumption of the theorem. Thus,8 2
  ..every involution that normalizes E, also centralizes E. Hence V N E1 G
 .  .s E, and so E is characteristic in N E . In that case, N E s G andG G
 . E s V G . Our assertion follows immediately since we may assume1
 . .without loss of generality that V G s E .1
 .The foregoing reasoning shows that if G is a 2-group such that V G is1
nonabelian and G has no subgroups isomorphic to D = C , then it has8 2
no elementary abelian subgroups of order 8.
Numerous counting theorems for p-groups which are, as we saw previ-
ously, assertions on the existence of normal subgroups with given struc-
. w x ture were proved or announced in 3]16 some of foregoing results are
. w xtaken from these papers, but here we offer new proofs , 29, 31, 33 . In
particular, A. Mann proved that the number of nonabelian subgroups of
3 5 2 order p in a p-group G of order at least p is divisible by p and so the
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3  .number of abelian subgroups of order p in G is ' 1 q p mod p by
w x  w x. w xKulakoff's Theorem 32 see also 35 and 6 , Section 5. Next, Mann
 w x .proved see 16 , Theorem B that if noncyclic Sylow p-subgroup S of G is
m n < <of order p , S is not a 2-group of maximal class, n g N and p - S , then
n  2 .the number of subgroups of order p in G is ' 1 q p mod p . Note that
w x w x w xabout all of the papers 3]16 were inspired by 21 , Section 8 and 17]20 .
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